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Abstract
This paper describes the design of optimal linear quadratic
controllers for 2D plane Poiseuille flow, and subsequent
verification using a finite-volume full Navier-Stokes solver,
at both linear and non-linear levels of initial conditions.
For linear magnitude initial conditions, open and closed-
loop finite-volume solver results agree well with a lin-
ear simulation. The controllers stabilize the flow in both
cases.
Nomenclature
α = streamwise(x) wave number
Γn(y) = Modified nth Chebyshev polynomial
θ(t) = highest energy growth at time t
Λ = diagonal eigenvalue matrix
µ = viscosity
Ξ = matrix of right eigenvectors
ρ = density
χ = initial modal amplitude vector
~f = vector, fx~i + fy~j
∇ = operator (∂/∂x, ∂/∂y)
∇ · ~f = div ~f, ∂fx/∂x + ∂fy/∂y
an = coefficient of nth Chebyshev polynomial
E = transient energy density
fl, fu = inhomogeneous functions at walls
h = channel wall separation
N = highest Chebyshev polynomial degree
P, Pb = pressure, base pressure
p = pressure perturbation
Re = Reynolds number
r = control weight multiplier
T = matrix of Γn(yk)
~U = fluid velocity in x, y directions
~Ub = base fluid velocity
Ucl = base fluid velocity x comp. at centreline
~u, (u, v) = velocity perturbation
ũ, ṽ = u, v Fourier coefficients
ṽl, ṽu = v velocity Fourier coefficients,
at lower and upper walls
x, y, z = streamwise, wall-normal
and spanwise directions
yk = kth Gauss-Lobatto collocation point
A = state matrix
B = input matrix
C = output matrix
K = state feedback gain matrix
Q = state weighting (energy) matrix
R = control weighting matrix
U = control vector
X = state vector
Y = measurement vector
1 Introduction
Laminar flow is characterised by a smooth flow-field in
which adjacent layers of fluid undergo shear. Turbulent
flow is characterised by an unsteady flow-field in which
fluctuations of widely varying length and time scales cause
large amounts of mixing between adjacent layers of fluid,
in a self sustaining process. The transition of laminar
fluid flow into turbulent flow results in large increases in
fluid drag, and the prevention of transition would lead to
substantial savings in the energy required to sustain the
flow. The process of transition from laminar to turbulent
flow is thought to begin with the rapid growth of small
disturbances in laminar flow.
A simple flow prone to transition is plane Poiseuille or
channel flow, the unidirectional flow between infinite par-
allel planes. Experiments show that this flow undergoes
transition to turbulence for Reynolds number as low as
1000 [11].
Fluid flow-field velocity and pressure, and wall shear
stresses, can be measured. The flow can be influenced by
the manipulation of the conditions on its boundaries, such
as the injection and suction of fluid at the walls, known
as wall transpiration. This opens up the possibility of the
control of the evolution of transition by the feedback con-
trol of flow measurements to suitable wall actuators. The
governing Navier-Stokes and continuity equations can be
used to develop plant models for use in the synthesis of
controllers. Linear plant models are often based on spec-
tral analysis of the linearized Navier-Stokes equations [3].
Experiments to detect transition, even in such a simple
flow, are difficult and expensive to perform, but computa-
tion fluid dynamics (cfd) has progressed to the stage where
it can be used to simulate the performance of controllers.
Both high order linear models [7], and low-order modal
models [9] have been used to test controllers. Specialised
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finite-difference full Navier-Stokes solvers [2], and hybrid
spectral finite-difference full Navier-Stokes solvers, includ-
ing the widely cited [4], have also been used, but limited
use has been made of finite-volume cfd codes [1], although
their use is widespread in other fields [13].
This paper describes the synthesis of optimal linear
quadratic controllers using a state-space model of plane
Poiseuille flow, and the subsequent testing of the con-
trollers on a full model of the flow. The state-space model
is based on a spectral discretisation of linearised plane
Poiseuille flow, and the full model is a finite-volume non-
linear Navier-Stokes solver. Thus the controllers are tested
using a well tried algorithm which is completely indepen-
dent of the development model.
2 Plane Poiseuille Flow Control
Incompressible fluid flow is described by the Navier-Stokes
and continuity equations. The Navier-Stokes equations
(1) form a set of three coupled, non-linear, partial differ-
ential equations representing conservation of momentum,
and the continuity equation is an additional constraint










∇ · ~U = 0 (2)
where ~U, P, ρ and µ are velocity, pressure, density and
viscosity respectively.
Laminar Poiseuille flow has a parabolic streamwise veloc-
ity profile, with no slip occurring at the planes. It un-
dergoes transition to turbulence when small disturbances
~u = (u, v, w), p about the steady base profile with centre-
line velocity Ucl, ~Ub =
(
(1− y2)Ucl, 0, 0
)
, Pb, grow spa-
tially and temporally to form a self-sustaining turbulent












∇ · ~u = 0 (4)
The no-slip wall boundary conditions in plane Poiseuille
flow are replaced by prescribed wall transpiration veloci-
ties when boundary control is implemented, (u(y = ±h) =
0, v(y = ±h) 6= 0).
In this paper, only two-dimensional disturbances, in the
streamwise and wall-normal directions, are investigated.
This paper also approximates the infinite extent of the
flow by a periodic representation, such that the flow dis-
turbances may only grow in time, but not in space.
3 State Space Plant Model
A method for the generation of a linear state-space model
controlled by wall transpiration from a linearized model of
plane Poiseuille flow is described in [10]. When linearised,
(3) and (4) lose the term (~u · ∇) ~u and the pressure can
be eliminated to produce a single fourth order equation
for wall-normal velocity v. Under the assumption of pe-
riodicity in the streamwise direction, v = < (ṽ(y, t)eiαx),
the flow equations decouple by streamwise wavenumber α,
and thus allow the model to represent periodic flow at a
selected streamwise wavenumber.
The linearised equations are evaluated at the Gauss-
Lobatto collocation points, yk = cos (nπ/N)n=0,N . The
wall-normal velocity Fourier coefficient ṽ(yk, t) is repre-
sented by




where Γn are recombinations of Chebyshev functions that
satisfy homogeneous boundary conditions at the walls
(value and first derivative)[10], an are unknown state vari-
ables, fu, fl are known inhomogeneous shape functions,
and ṽu, ṽl are the upper and lower wall velocity Fourier
coefficients. Thus the states an(t) may be calculated from
the discretised and Fourier transformed velocity field as
T−1 (ṽ (yk, t)− fu (yk) ṽu (t)− fl (yk) ṽl (t)) (6)
where T is the matrix [Γn(yk)]n=0,N,k=0,N




































Control is via the rate of change of wall normal velocities,
as in [6]. These must be integrated in order to set the
wall transpiration velocities. Associated with each wall
velocity state is a zero-eigenvalue eigenmode, which rep-
resents the steady flow-field associated with transpiration
at each wall. The system matrices are initially complex,
due to use of the Fourier method during the assumption
of periodicity, and for the present paper are split into real
and imaginary parts to allow the use of Matlab state-space
models.
The test case considered in the present paper is case 1 from
[3], Reynolds number Re = ρUclh/µ = 104, and stream-
wise wavenumber α = 1. For this test case the system
matrix has distinct eigenvalues, one of which is unsta-
ble ( approximately 0.00373967− 0.23752649i). Its eigen-
vectors are non-orthogonal, which has important conse-
quences discussed later.






















max E(t)/E(0) vs r
Figure 1: Closed-Loop Maximum Transient Energy
Growth vs Control Weight r
4 Controller Synthesis
4.1 Optimal State Feedback
The standard LQR control problem states that given the
real system;-
Ẋ = AX + BU
Y = CX (8)
the feedback control signal which minimizes;-
∫ ∞
0
(X (t)TQX (t) + U(t)TRU(t)) dt (9)
is given by U = −KX where K = R−1BT X and X =
XT ≥ 0 is the solution of the algebraic Riccati equation
AT X + XA − XBR−1BT X + Q = 0, where Q and R
are weighting matrices. The controller has no prescribed
degree of stability, but this could be added by modifying
the cost functional (9) as in [7].
4.2 Weighting Matrices
It is suggested in [3] that a natural choice for the matrix









where volume V covers one streamwise period. Thus this
choice of Q means that the LQR problem (9) minimises
E in some sense. Here Curtis-Clenshaw quadrature [5,
p456], which uses the same abscissa as the Gauss-Lobatto
collocation points, is used to perform an accurate calcula-
tion of transient energy based on the system states.
R is set as an identity matrix multiplied by a positive
parameter, R = r2I, thus allowing variation of control
magnitude, while maintaining wall symmetry.
Maximum transient energy growth is the maximum tran-
sient energy density that a stable system achieves over
all time from all possible initial conditions with unit en-
ergy (see section 5.1). In flow control this is minimised
in order to prevent non-linear effects triggering transition
to turbulence. Figure 1 shows the variation of maximum
transient energy growth with control weight r. At low
control weight, the control effort is large and the energy is
small. As the control weight rises, the control effort falls,
and thus the energy rises. A value of r = 0.25 was selected
for subsequent simulations, as this value produces close to
the lowest maximum transient energy growth, without be-




The non-orthogonality of the system matrix has far-
reaching implications. The initial conditions that provide
highest subsequent transient energy growth are not simply
related to the unstable eigenvector. A variational method
is used to calculate the initial conditions that produce the
highest energy level at any particular subsequent time,
and the maximum value over all subsequent times is se-
lected, as per [3]. For the remainder of this paper, we refer
to these initial conditions as the “worst” initial conditions.
The states evolve with time t as X (t) = ΞeΛtχ where
Λ is a diagonal matrix of the eigenvalues, Ξ is the right
eigenvector matrix, and χ is a vector of initial modal
amplitudes. The highest energy growth θ = E(τ)/E(0)
at time τ from initial conditions Ξχ is given by a solu-








χ. This problem may also be cast as an
SVD analysis on the system operator as in [8, 12]. For an
unstable system, τ is an arbitrary time, but for a stable
system there is a maximum transient energy growth that
can be achieved over all subsequent times τ , and this can
be found by a search technique.
5.2 Magnitude of Linear Perturbations
To estimate the size of initial perturbations that can be ex-
pected to behave linearly, the magnitude of the non-linear
terms (~u · ∇) ~u omitted during linearisation are calculated
for the worst initial conditions.
Figure 2 shows the non-linearity in the y momentum, for
an initial v perturbation of maximum amplitude 10−4 of
Ucl. The regions with non-linearity greater than 10−2 are
confined to small areas totaling less than 10%, near the
walls. The plot contours scale directly with perturbation,
so for a 10−2 perturbation, the regions with the same de-
gree of non-linearity would cover around 45% of the area.
The results for x momentum are similar.
Thus it would appear that a 10−4 initial perturbation
would produce significantly more linear behaviour than
a 10−2 one.
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Figure 2: Initial Non-linearity in y-momentum Equation
from Perturbation Amplitude vmax = 10−4Ucl
5.3 Non-Linear Simulations
A finite-volume full Navier-Stokes solver is used for the
non-linear simulations. The solver employs an unstruc-
tured, collocated grid. A second order central differencing
scheme is used to discretise the spatial terms and an im-
plicit first order Euler scheme is used for time marching.
The PISO algorithm is used to handle pressure-velocity
coupling.
The mesh covers one streamwise period, x = 0, 2π, with
27 = 128 uniform cells, an appropriate scheme for fast
Fourier transform data, and contains 99 cells in the wall-
normal direction, −h ≤ y ≤ h, based on the Gauss-
Lobatto collocation points (h = 1), thus producing cell
refinement in the near wall region, and also avoiding
the need for interpolation onto the state variables. The
boundary conditions are cyclic in the streamwise direction,
allowing not just the fundamental streamwise mode but
also harmonics, and are symmetric in the spanwise direc-
tion. The wall boundary conditions are modified to sim-
ulate wall transpiration, using inlet type boundary condi-
tions.
It is difficult, even with double precision code and very
fine meshes, to get agreement between linear and non-
linear transpiration results for small perturbations if the
solution algorithm provides the total velocity components
~U = ~Ub +~u. The reason is that the discretisation errors in
~Ub are of the same order of magnitude as ~u. Therefore the
existing full Navier-Stokes cfd code is modified to solve for





~u and (~u · ∇) ~Ub. These are in-
corporated as convection and source terms respectively in
the finite-volume scheme.










































































































































































































Figure 3: Transpiration v Perturbation Flow-Field from
Perturbation Amplitude vmax = 10−4Ucl, linear and non-
linear simulation results
5.4 Implementation of Controller
The full Navier-Stokes cfd code is modified to read in the
controller K, and the matrices necessary for calculating
the states from velocities. At each time step a fast Fourier
transform is performed to compute the v velocity Fourier
coefficients at the streamwise wavenumber, ṽ(yk), from
which the states an are calculated using (6). The con-
trol signals ˙̃vu, ˙̃vl are calculated by state feedback, inte-
grated, using the initial conditions ṽu(0) and ṽl(0), and
back-transformed to set the wall transpiration velocities
vu, vl for the duration of the subsequent time step.
6 Results and Discussion
6.1 Steady Transpiration Results
Figure 3 shows the steady v perturbation flow-field for
10−4Ucl amplitude sinusoidal transpiration from the up-
per wall, at a base flow corresponding to a stable Reynolds
number of 500. The linear and non-linear results are iden-
tical, and they are also identical for the u flow-field. Thus
it can be concluded that the boundary conditions have
been implemented correctly into the cfd code, and that
the code is capable of accurately modelling perturbations
small enough to be linear.
6.2 Small Perturbation Transient Results
Results are now presented for transient simulations, from
initial conditions which are the worst for the particu-
lar eigensystem, with energy corresponding to that of a
vmax = 10−4Ucl open-loop worst initial perturbation.
Figure 4 shows the open-loop transient energy growth,
from this small initial perturbation, for both linear (dot-
ted) and non-linear (solid) simulations. The rate of energy
growth at this early stage is much greater than would be
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expected from the single unstable eigenvalue, and is due
to the non-orthogonality of the eigenvectors. The results
from the linear and non-linear simulations agree well, as
might be expected from the initial small degree of non-
linearity.
Figure 4 also shows the closed-loop transient energy
growth, from this small initial perturbation, for both lin-
ear (dot-dash) and non-linear (dashed) simulations. The
results from both the linear and non-linear simulations
again agree well, and both show the stabilization of the
flow by the LQR controller.
6.3 Large Perturbation Transient Results
Results are now presented for transient simulations, from
initial conditions which are the worst for the particu-
lar eigensystem, with energy corresponding to that of a
vmax = 10−2Ucl open-loop worst initial perturbation.
Figure 5 shows the open-loop transient energy growth,
from this larger initial perturbation, for both linear and
non-linear simulations. The linear and non-linear simu-
lations agree initially, but whereas the linear simulation
increases swiftly, the non-linear simulation reaches a satu-
rated state, in which the transient energy grows relatively
slowly, the value at 10s being 0.0072.
Figure 5 also shows the closed-loop transient energy
growth, from this larger initial perturbation, for both lin-
ear and non-linear simulations. The controller reduces the
transient energy growth, and thus the difference between
the linear and non-linear simulation is much reduced, as
compared to the open-loop case. The controller is able
to stabilise the non-linear simulation, but it takes signifi-
cantly longer than in the linear simulation, despite a rel-
atively high control magnitude being used.
Figure 6 shows the wall transpiration velocities at location
x = π for the same perturbation. The wall transpiration
velocities required in the non-linear simulation are lower
than in the linear one, but are required for longer, which
is consistent with the transient energy growth.
7 Conclusion
Optimal controllers for 2D plane Poiseuille flow have been
synthesized using a linear state-space model with control
by wall transpiration, and the worst initial conditions eval-
uated.
A finite-volume full Navier-Stokes solver has been modi-
fied to compute the flow of a perturbation about a known
base flow, and to model wall transpiration boundary con-
ditions. With these modifications, the solver was able to
compute wall transpiration flow in good agreement with
a linear solution.
The finite-volume full Navier-Stokes solver was used to
simulate the performance of the optimal controllers. For
an initial perturbation of 10−4 the solver flow-field be-
haviour is identical to that of a linear simulation, and
the controller is able to stabilise both. For a larger per-
turbation of 10−2, the solver flow-field saturates, but the
controller is again able to stabilise it.
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Figure 4: Transient Energy Growth From Perturbation of Open Loop Amplitude vmax = 10−4Ucl
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Figure 5: Transient Energy Growth From Perturbation of Open Loop Amplitude vmax = 10−2Ucl
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Figure 6: Closed-Loop Wall Transpiration at x = π From Perturbation of Amplitude vmax = 10−2Ucl
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